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Cram\’er-Rao (Holevo [1] Helstrom [8],





$([1][6])$ $\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}\mathrm{l}/2$ 2 $([10])$
–
– \S 6






$\mathrm{o}$ $\mathcal{H}$ :K Hilbert
$\mathrm{o}$ $\mathcal{T}_{sa}(\mathcal{H})$ :H self adjoint
$\circ$ $\mathcal{T}_{sa}^{+,1}(\mathcal{H})$ :H
$\mathrm{o}$ $B_{sa}(\mathcal{H})$ :H self adjoint








$\mathrm{o}$ $M( \bigcup_{j}B_{j})=$ $\sum$ $M(B_{j})$ (23)
$j$ ( )
(B, disjoint F(\Omega ) )
(2.2) (2.3) (2.1) $\mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$ convex set
$\rho\in \mathcal{T}_{sa}^{+,1}(\mathcal{H})$ $M\in \mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$
$\mathrm{t}\mathrm{r}M(dx)\rho\in \mathcal{M}(\Omega, \mathcal{F}(\Omega))$ (2.4)
(2.5) ( )
$B_{1},$ $B_{2}\in \mathcal{F}(\Omega),$ $B_{1}\cap B_{2}=\emptyset\Rightarrow M(B_{1})M(B_{2})=0$ (2.5)
2
$\mathcal{M}_{s}(\Omega, F(\Omega),$ $\mathcal{H})$ $\mathcal{M}(\Omega, F(\Omega),$ $\mathcal{H})$
– $\mathcal{M}_{r}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$
convex set
$\mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})\backslash \mathcal{M}_{r}(\Omega, F(\Omega),$ $\mathcal{H})$
– $\Omega$ topological space $M(\Omega, \mathcal{H})$ $\mathcal{M}(\Omega, B(\Omega),$ $\mathcal{H})$
$\mathcal{M}_{s}(\Omega, \mathcal{H}),$ $\mathrm{A}l_{r}(\Omega, \mathcal{H})$
von Neumann von Neumann [4]
$X\in B_{sa}(\mathcal{H})$ von Neumann
21 $X\in\beta_{sa}(\mathcal{H})$ $M_{X}\in \mathcal{M}_{s}(\mathrm{R}, \mathcal{H})$ $X$
$X= \int_{\mathrm{R}}xM(, dx)$ (2.6)
22 $X\in B_{Sa}(\mathcal{H})$ $\rho\in \mathcal{T}_{sa}^{+,1}(\mathcal{H})$
$\mathrm{t}\mathrm{r}M_{X}(d_{X})\rho\in \mathcal{M}(\Omega, F(\Omega))$ (2.7)
$\mathcal{M}_{s}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$
–
$M–\lambda M_{1}+(1-\lambda)M_{2},1,$ $>\lambda>0,$ $M_{1},$ $M_{2}\in \mathcal{M}_{s}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$ $\lambda$
$M_{1}$ $1-\lambda$ $M_{2}$ $M_{1},$ $M_{2}$
$M$
$\mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$ 9
2.1 [Neumark ]
$M\in \mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$ $f_{j,\backslash }$ $\mathcal{H}$ Hilbert Pro-
jection $P:\acute{\mathcal{H}}arrow \mathcal{H}$ $\acute{M}\in M_{s}(\Omega, F(\Omega),\acute{\mathcal{H}})$ ‘
$\forall B\in \mathcal{F}(\Omega)$ , $M(B)=P\acute{M}(B)$ on $\mathcal{H}$ (2.8)
Neumark [5]
$M\in \mathcal{M}(\Omega, \mathcal{F}(\Omega),$ $\mathcal{H})$ $\mathcal{H}$
Neumark – Operator
Neumark Holevo














$E_{M,i}(0)+ \sum_{=j1}^{n}\frac{\partial E_{M,i}}{\partial\theta_{j}}(0)\theta j+\cdots--\theta i$ (3.4)
$\theta$ 2
$E_{M,i}(0)$ $=$ $0$ (3.5)
$\frac{\partial E_{M,i}}{\partial\theta_{j}}(0)$ $=$ $\delta_{i}^{j}$ (36)
2
$\int_{\mathrm{R}^{n}}x_{i}\mathrm{t}\mathrm{r}M(dX)\rho(\mathrm{o})$ $=$ $0$ (3.7)
$\int_{\mathrm{R}^{n}}x_{i}\mathrm{t}\mathrm{r}M(dx)\frac{\partial\rho}{\partial\theta_{j}}(0)$ $=$ $0$ (3.8)
$(3.7),(3.8)$ $M\in \mathcal{M}(\mathrm{R}^{n}, B(\mathrm{R}n),$ $\mathcal{H})$
31 $M\in \mathcal{M}(\mathrm{R}^{n}, B(\mathrm{R}^{n}),$ $\mathcal{H})$
$\int_{\mathrm{R}^{n}}xi\mathrm{t}\mathrm{r}M(dX)p$ $=$ $0$ (3.9)





. (weight function) $W$ ( ,deviation) $D_{W}^{\rho}(M)$
4
41 (weight function) $V$ $\mathrm{R}^{+}$ $W$
$\mathrm{R}^{+}$
$\mathrm{o}$ W (4.1)
$0$ $\exists n_{W}\in N\mathrm{S}.\mathrm{t}.\forall c>1,\forall x\in VW(x)\leq W(c\cdot x)\leq c^{n_{W}}\cdot W(x)$ (4.2)
(4.3)
42 $W$ $M\in \mathcal{M}(\mathrm{R}^{n}, \beta(\mathrm{R}^{n}),$ $\mathcal{H})$ $p$








51 [1 Cram\’er-Rao ]
$M \in u()\inf_{d\rho}D^{\rho}2(xM)$
$=$ $\frac{1}{\mathrm{t}\mathrm{r}L^{2}\rho}$ (5.1)
$X,$ $Y\in B_{h}(\mathcal{H})$ $\mathrm{t}\mathrm{r}(X\mathrm{o}Y)\rho$
2 Schwartz






















$L^{i}\in B_{h}(\mathcal{H})$ $M\in \mathcal{U}(d\rho)$
$X_{i,M}:= \int_{\mathrm{R}^{n}}x_{i}M(dx)$ (5.8)
$(a^{i}),$ $(b_{i})\in \mathrm{R}^{n}$ (5.2) $X:=\Sigma_{i=1}^{n}a^{i}xi,M,$ $Y$ $:=$
$\sum_{i=1}^{n}b_{i}L^{i}$
$( \mathrm{t}\mathrm{r}(\sum_{i=1}^{n}aix_{i},M^{0}\sum^{n}b_{j}L^{j})\rho)j=12$ $\leq$ $\mathrm{t}\mathrm{r}\sum_{i=1}aniXi,Mpj\sum_{=1}^{n}a^{j}Xj,M^{\cdot}\mathrm{t}\mathrm{r}\sum_{=k1}^{n}b_{k}L^{k}\rho\sum_{l=1}nb_{l}L^{\iota})$
$( \sum_{i,j}a^{i}bj\mathrm{t}\mathrm{r}xi,M^{\mathrm{O}}L^{j}\rho)2$
$\leq$
$( \sum_{i_{\hat{J}}},a^{i}a^{j}\{\mathrm{r}xi,M\rho x_{j},M)\cdot(\sum_{k,\iota}bkb\iota \mathrm{t}\mathrm{r}Lk\rho L^{l})$ (5.9)


















$M \in \mathcal{U}d\rho\inf_{)}D_{W}\rho(M)\geq()\in u\sup_{a,b,S(W)}(*\sum ia_{i}^{i}+\mathrm{t}\mathrm{r}S)$ (6.1)
$\mathcal{U}^{*}(W)$ (62)
$=$ $\{(a_{j}^{i}, b^{i}, S)|\forall x\in \mathrm{R}^{n}, W(x)\cdot\rho-s-\sum_{ji},(a_{j^{X_{i}D^{j}}}\rho i)-\sum_{=i1}n(b_{X}^{i}i\rho)$
.
$\geq. 0\}$ (6.3)




$\mathcal{U}(d\rho)$ $M$ $\mathcal{U}^{*}(W)$ $(a, b, S)$ (6.6)
$M \in \mathcal{U}d\rho\inf_{)}D_{W}\rho(M)=\sum_{i=1}^{n}a_{i}^{i}+\mathrm{t}\mathrm{r}:S$ (6.5)
(6.1)
$\mathcal{R}_{W}^{\rho}(a, b, S;M)=0$ (66)
$\mathcal{R}_{W}^{\rho}(M)$ $:= \mathrm{t}\mathrm{r}\int_{\mathrm{R}^{n}}R_{W}^{\rho}(a, b, s;X)M(dX)$
$R_{W}^{\rho}(a, b, s;x)$ $:=$ $W(x) \cdot\rho-S-\grave{\sum_{ji}},(a_{j^{XD^{j}}}^{i}i\rho)-\sum_{=i1}n(b_{X}^{i}i\rho)$
6.1 6.1
7









$R_{W}^{\rho}(a, b, s;x)\geq 0$ (6.7)
$D_{W}^{\rho}(M) \geq \mathrm{t}\mathrm{r}S-\sum_{ji},a^{i}i$ (6.8)
6.1 6.1





Yuen Kennedy Lax [2] Bayes
Slyke&Wets [7]
7 $\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}\mathrm{l}/2$ 3 Parameter Model
spin 1/2 Pauli
Pauli $\sigma^{1},$ $\sigma^{2},$ $\sigma^{3}$
$\sigma^{1}=,$ $\sigma^{2}=$ , $\sigma^{3}=$
$\rho,$
$D^{i}\rho$
$\rho$ $=$ $\frac{1}{2}(Id+\alpha\sigma^{3})$ (7.1)












$W$ $W_{1},$ $W_{2},$ $W_{3}$ $Z^{1}.\cdot’ Z^{2},$
$\mathcal{Z}^{\mathrm{s}}$
.














$\ldots$ , $\rho=|e^{0}\rangle\langle$ $e^{0}|$ $D^{i} \rho=\frac{1}{2}(|e^{i}\rangle$ $\langle e^{i}|+|e^{0}\rangle\langle e^{i}|)$
81 $D^{j}\rho,$ $\rho$ $W$ 2 $G^{i,j}$
$\inf_{M\in \mathcal{U}d\rho)}D^{\rho}(W)M=\mathrm{t}\mathrm{r}Gi,j$ (8.1)
$\rho=|e^{0}\rangle$ $\langle e^{0}|$ ,
$D^{i} \rho=\frac{1}{2}(|e^{i}\rangle\langle e^{i}|+|e^{0}\rangle\langle e^{i}|)$ $x=(x_{i})\in \mathrm{R}^{n}$ $\mathcal{R}(x)\in B_{h}^{+}(V)$
$R(x):= \frac{1}{1+\sum_{i^{X_{i}}}2}|e\sum 0_{+}x_{j}e^{j}\rangle\langle e\sum 0_{+}$x$jj$ je $|$ (8.2)
9






$V$ $e^{0},$ $e^{1..m},.,$$e$ $\rho=|e^{0}\rangle$ $\langle e|0, D^{i}P=1/2(|e^{i}\rangle\langle e|0+|e^{0}\rangle\langle ei),$ $Di+m=p$
$1/2\sqrt{-1}(|e^{i}\rangle\langle e^{0}|-|e^{0}\rangle\langle e^{i}|)1\leq m$ $W$ $D^{1}\rho,$
$\ldots,$
$D^{2m}\rho$
Vector $J:Warrow W\text{ }(D^{i}\rho)=D^{i+m}\rho,$ $\text{ }(D^{i+m}\rho)=-Di\rho,$ $1\leq i\leq m$
9.1 $D^{j}\rho,$ $\rho$ $W$ 2 ( ) G
$G_{j}^{i}= \sum W^{ik}W_{j}k=1k$ , $W_{ji}^{i}=W^{j}$
$W$
$\inf_{M\in \mathcal{U}d\rho)}D_{c}\rho(M)\geq\frac{1}{2}\mathrm{t}\mathrm{r}_{W}J(W)^{2}$ (9.1)
$J(W):=W-\text{ }WJ$ $[W, \text{ }W\text{ }]=0$ (9.1)
$[W, \text{ }W\text{ }]=0$ (9.1) [9]
$P$
8.1 9.1 $D^{i}p,$ $\rho$






7.1 8.1 9.1 Lagrange
6.1
A
A.l $V$ $n$ $n+1$ $V$ $\langle\alpha_{0}, \alpha_{1}, \ldots , \alpha_{n}\rangle$
$(i,j=1, \ldots n)$
$\sum_{i=1}(\alpha_{\nu},i)^{2}$







$\sum_{\nu=0}^{n}\alpha\nu,j\alpha_{\nu},i$ $=$ $(n+1)\delta_{i,j}$ (A4)
Remark 1 $(A.\mathit{3})(A.\mathit{4})$ $\langle\alpha_{0}, \alpha_{1,\ldots,n}\alpha\rangle$
$A\in O(V)$ $\langle.A\alpha_{0}A^{-1}.’ A\alpha 1A^{-1}, \ldots , A\alpha_{n}A^{-1}\rangle$
A1 $V$
[9]
[1] $\mathrm{A}.\mathrm{S}$ .Holevo. Probabilistic and Statistical Aspects of Quantum Theory. North-Holland Pub-
lishing Company, 1982. Originally published as “Veroiatnostnye $\mathrm{i}$ statisticheskie aspekty
$\mathrm{k}_{\mathrm{V}}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{V}\mathrm{o}\mathrm{i}$ Teorii ”,Nauka,Moscow, 1980.
[2] Robert S.Kennedy Horacce P.Yuen and Melvin Lax. $\overline{\mathrm{O}}$ptimum testing of mutiple hy-
potheses in quantum detection theory. IEEE transactions Information Theory, Vol. IT-21,
pp. 125-134, 1975.
[3] Paul Busch &Marian Grabowski&Pekka J. Lahti. Operational Quantum Physics, vol-
ume 31 of Lecture Note in Physics New Series $m$ :Monographs. Springer-Verlag, 1995.
[4] J. Von Neumann. Mathmatical Foundations of Quantum Mechanics. Princeton Univ.Press,
1955. : , , .
[5] $\mathrm{M}.\mathrm{A}$ . Neumark. On a representation of additive operator set functions. Comptes Rendus
(Doklady) de l’Acad\’emie des Science de l’URSS, Vol. 41, No. 9, pp. 359-361, 1943.
[6] Horance P.Yuen and Melvin Lax. Mutiple-parameter quantum estimation and measure-
ment of nonselfadjoint obserbables. IEEE transactions Information Theory, Vol. IT-19,
pp. 740-750, November 1973.
[7] Richerd M.Van Slyke and Roger J.-B.Wets. A duality theory for abstract mathmatical
programs with applications to optimal control theory. journal of mathmatical analysis and
applications, Vol. 22, pp. 679-706, 1968.
[8] Carl W.Helstrom. Quantum Detection and Estimation Theory, volume 12,.
$\cdot$
3 of Mat.h$em_{l}$atics
in Sience and Engineering. Academic Press, 1976.
[9] . . Master’s thesis,
( ), 1996.
[10] . –
. , Vol. 1, No. 4, pp. 305-318, 1991.
11
